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Normal distribution

In probability theory, the normal (or Gaussian) distribution, is a continuous 

probability distribution that is often used as a first approximation to describe real-

valued random variables that tend to cluster around a single mean value.
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where parameter μ is the mean (location of the peak) and σ2 is the variance (the 

measure of the width of the distribution). The distribution with μ = 0 and σ2 = 1 is 

called the standard normal.
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The normal distribution is considered the most 

prominent probability distribution in statistics

• There are several reasons for this: First, the normal distribution is very tractable 

analytically, that is, a large number of results involving this distribution can be 

derived in explicit form. Second, the normal distribution arises as the outcome of 

the central limit theorem, which states that under mild conditions the sum of a 

large number of random variables is distributed approximately normally. Finally, 

the “bell” shape of the normal distribution make it a convenient choice for 

modeling a large variety of random variables encountered in practice.modeling a large variety of random variables encountered in practice.

• The normal distribution is usually denoted by N(μ, σ2). Commonly the letter N is 

written in calligraphic font (typed as \mathcal{N} in LaTeX). Thus when a random 

variable X is distributed normally with mean μ and variance σ2, we write:
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Standard normal distribution

• The simplest case of a normal distribution is known as the standard normal 

distribution, described by the probability density function

Notice that for a standard normal distribution, μ = 0 and σ2 = 1. The parameter μ is 

at the same time the mean, the median and the mode of the normal distribution. 
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at the same time the mean, the median and the mode of the normal distribution. 

The parameter σ2 is called the variance; as for any random variable, it describes 

how concentrated the distribution is around its mean. The square root of σ2 is 

called the standard deviation and is the width of the density function.
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Cumulative distribution function (I)

• The cumulative distribution function (cdf) describes probabilities for a random 

variable to fall in the intervals of the form (−∞, x]. The cdf of the standard normal 

distribution is denoted with the capital Greek letter Φ (phi), and can be computed 

as an integral of the probability density function:
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• In mathematics, the error function (also called the Gauss error function or 

probability integral) is a special function (non-elementary) of sigmoid shape which 

occurs in probability, statistics and partial differential equations. It is defined as:
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Cumulative distribution function (II)

• This integral can only be expressed in terms of a special function erf, called the 
error function. The numerical methods for calculation of the standard normal 
cdf are discussed below. For a generic normal random variable with mean μ 
and variance σ2 > 0 the cdf will be equal to
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• The complement of the standard normal cdf, Q(x) = 1 − Φ(x), is referred to as 
the Q-function, especially in engineering texts. This represents the tail 
probability of the Gaussian distribution, that is the probability that a standard 
normal random variable X is greater than the number x. Other definitions of 
the Q-function, all of which are simple transformations of Φ, are also used 
occasionally.
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Standardizing normal random variables

• It is possible to relate all normal random variables to the standard normal. For 

example if X is normal with mean μ and variance σ2, then

• has mean zero and unit variance, that is Z has the standard normal distribution. 

Conversely, having a standard normal random variable Z we can always construct 

another normal random variable with specific mean μ and variance σ2:

σ
µ−= X

Z

another normal random variable with specific mean μ and variance σ2:

• This “standardizing” transformation is convenient as it allows one to compute the 

pdf and especially the cdf of a normal distribution having the table of pdf and cdf

values for the standard normal. They will be related via
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Standard deviation 

• About 68% of values drawn from a normal distribution are within one standard 

deviation σ away from the mean; about 95% of the values lie within two standard 

deviations; and about 99.7% are within three standard deviations. This fact is 

known as the 68-95-99.7 rule, or the empirical rule, or the 3-sigma rule. To be 

more precise, the area under the bell curve between μ − nσ and μ + nσ is given by
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Dark blue is less than one standard 

deviation from the mean. For the normal 

distribution, this accounts for about 68% of 

the set, while two standard deviations from 

the mean (medium and dark blue) account 

for about 95%, and three standard 

deviations (light, medium, and dark blue) 

account for about 99.7%
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Estimation of parameters (I)

• It is often the case that we don’t know the parameters of the normal distribution, but 
instead want to estimate them. That is, having a sample (x1, …, xn) from a normal 
N(μ, σ2) population we would like to learn the approximate values of parameters μ and 
σ2. The standard approach to this problem is the maximum likelihood method.

• Maximum likelihood estimates:
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• Estimator   is  called the sample mean, since it is the arithmetic mean of all 
observations.

• The estimator      is called the sample variance, since it is the variance of the sample (x1, 
…, xn)

•

Of practical importance is the fact that the standard error of    is proportional to 
1/sqrt(N) , that is, if one wishes to decrease the standard error by a factor of 10, one 
must increase the number of points in the sample by a factor of 100. 
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Estimation of parameters (II)

• To use statistical parameters such as mean and standard deviation reliably, you need to have a good 

estimator for them. The maximum likelihood estimates (MLEs) provide one such estimator. However, an 

MLE might be biased, which means that its expected value of the parameter might not equal the 

parameter being estimated. For example, an MLE is biased for estimating the variance of a normal 

distribution. An unbiased estimator that is commonly used to estimate the parameters of the normal 

distribution is the minimum variance unbiased estimator (MVUE). The MVUE has the minimum variance of 

all unbiased estimators of a parameter.

• The MVUEs of parameters µ and σ2 for the normal distribution are the sample mean and variance. The 

sample mean is also the MLE for µ. The following are two common formulas for the variance. sample mean is also the MLE for µ. The following are two common formulas for the variance. 
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The first equation is the maximum likelihood estimator for σ2, and the second equation is MVUE.
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Signal to noise improvement due to averaging

• Ideally it is assumed that: 

– Signal and noise are uncorrelated. 

– Signal strength is constant in the replicate measurements.

– Noise is random, with a mean of zero and constant variance in the replicate measurements.

• Under these assumptions let the signal strength be denoted by S and let the standard 

deviation of a single measurement be σ; this represents the noise in one measurement, N. If 

n measurements are added together the sum of signal strengths will be n*S. For the noise, 

the standard error propagation formula shows that the variance, σ2, is additive. The variance the standard error propagation formula shows that the variance, σ , is additive. The variance 

of the sum is equal to nσ2. Hence the signal-to-noise ratio, S/N, is given by

• The equivalent expression for signal averaging is obtained by dividing both numerator and 

denominator by n.

• Thus, in the ideal case S/N increases with the square root of the number of measurements 

that are averaged. In practice, the assumptions may be not be fully realized. This will result in 

a lower S/N improvement than in the ideal case, but in many cases near-ideal S/N 

improvement can be achieved.
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Random numbers with a Gaussian distribution in Excel

• This Excel formula computes a random number from a Gaussian distribution with a 
mean of 0.0 and a SD of 1.0.

– =NORMSINV(RAND())

• The RAND() function calculates a random number from 0 to 1. the NORMSINV() 
function takes a fraction between 0 and 1 and tells you how many standard 
deviations you need to go above or below the mean for a cumulative Gaussian 
distribution to contain that fraction of the entire population.
deviations you need to go above or below the mean for a cumulative Gaussian 
distribution to contain that fraction of the entire population.

• Multiple by the standard deviation and add a mean, and you'll have random 
numbers drawn from a Gaussian distribution with that mean and SD. 

• For example, use this formula to sample from a Gaussian distribution with a mean 
of 100 and a SD of 15:
– =(NORMSINV(RAND())*15)+100
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Normal distribution in Matlab

• Normal probability density functions are generated using function 

normpdf . Characteristic of a normal distribution are mean and standard 

deviation. 

• normpdf(x, mean, std) : x = vector of range (including granularity) 

• x = -15:0.1:25;• x = -15:0.1:25;

mu = 3;

sigma = 4;

pdfNormal = normpdf(x, mu, sigma);

plot(x, pdfNormal);

www.icrf.nl
13



Random numbers with a Gaussian 

distribution in Matlab
• normrnd - Normal random numbers

• Syntax

• R = normrnd(mu,sigma)
R = normrnd(mu,sigma,m,n,...)
R = normrnd(mu,sigma,[m,n,...])

• Description

• R = normrnd(mu,sigma) generates random numbers from the normal distribution with mean parameter mu and 
standard deviation parameter sigma. mu and sigma can be vectors, matrices, or multidimensional arrays that have 
the same size, which is also the size of R. A scalar input for mu or sigma is expanded to a constant array with the the same size, which is also the size of R. A scalar input for mu or sigma is expanded to a constant array with the 
same dimensions as the other input.

• R = normrnd(mu,sigma,m,n,...) or R = normrnd(mu,sigma,[m,n,...]) generates an m-by-n-by-... array. The mu, sigma 
parameters can each be scalars or arrays of the same size as R.

• Examples
– n1 = normrnd(1:6,1./(1:6)) 

– n1 = 2.1650 2.3134 3.0250 4.0879 4.8607 6.2827 

– n2 = normrnd(0,1,[1 5]) 

– n2 = 0.0591 1.7971 0.2641 0.8717 -1.4462 

– n3 = normrnd([1 2 3;4 5 6],0.1,2,3) 

– n3 = 0.9299 1.9361 2.9640 4.1246 5.0577 5.9864
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Sources

• http://en.wikipedia.org/wiki/Normal_distribution

• http://en.wikipedia.org/wiki/Error_function

• http://en.wikipedia.org/wiki/Signal_averaging

• http://www.graphpad.com/faq/viewfaq.cfm?faq=966

• http://www.aquaphoenix.com/lecture/matlab10/page2.html#10.1

• http://www.mathworks.com/help/toolbox/stats/normrnd.html• http://www.mathworks.com/help/toolbox/stats/normrnd.html

• http://www.mathworks.com/help/toolbox/stats/brn2ivz-119.html
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